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§ Problems
G: finite group.

Smith Problem. Let > be a sphere with a G-action such that
>G = {a,b}. Then P. A. Smith asked whether T,(X) £ T;(X)
as real G-modules, where Ty (X) and T(X) are the tangent
spaces at a and b in >, respectively.

I.e., is Neigh. of a G-diffeomorphic to Neigh. of b7

Ta(X)




X: family of smooth G-manifolds.
V, W: real G-modules.

VN%W<:>

Def [ X eX st VETL(X), W T(X)
for some a, b e X&.




Set
® = {disks D s.t. |[D% =2}
S := {standard spheres S s.t. |S“| =2}
Sht ;= {homotopy spheres > s.t. |ZG| = 2}.

RO(G) = the real rep. ring of G
= {[V]—[W] | V and W: real G-modules}.

RO(G, %) = {[V] = [W] € RO(G) | V ~g W)

Sm(G) := RO(G, Gxt) is called the Smith set of G.
Smith Problem. RO(G,Gxt) =07

Fact (1975—85). RO(G, Gxt) #= 0 for G:
(1) [Petrie] C,xCn (n = p1pop3pa, p; distinct odd primes).
(2) [C-S] Cop (n = 4).



Define
RO(G,D6) := {[V] — [W] € RO(G) |V ~n W and V ~g W},

RO(G,D6) C RO(G, 8) C RO(G, Ght).

General Problem. Determine RO(G,X) in terms of
the representation theory.

Our Problem. Compute RO(G,9D6) for ‘small’ G.
Problem. RO(G,5) = RO(G,6xt) 7
Problem. RO(G,96) = RO(G,9) NRO(G,6) ?

Problem. Is RO(G,96) a subgroup of RO(G) 7



3 Notation

S(G): the set of all subgroups of G

P(G) :.={P € S(G) | |P| = p%(p: a prime, a: int. >0)}
P(G)odd :==1{P € P(G) | |P| = odd}

Np(G) :={H 4G | |G: H|l =1, p}.

Let F, G C S(G) and A C RO(G).
A ={[V]-W]ed | Vi=0=w" (v He F)}
Ao = {[V] - [W] €U | resgV EresyW (Vv H € G)}
A; = A )g =A" nYg.



Fact. [Sanchez] RO(G, Gpt) C RO(G)%C(;E;)OM.

VNGhtW —

VG =0 = ‘/‘/vG{7
respV =2 respW (P € P(@)ogq)

Fact. If A g e G s.t. ord(g) = 8 then
RO(G, Gnt) = RO(G, Ght)p(iy-

Fact. RO(G,Gnpt) \ RO(G, Sn)p(q) is a finite set.



3 Oliver Groups

G is an Oliver group 28 5 p (dsik) s.t. |DC| =2

Ollver/ﬂPQHQGst

|P| = p%, |G/H| = q® H/P is cyclic

P(G)

1G} Ol
Fact. [Oliver] RO(G,9) = {RO(G) (G: Oliver group)

(otherwise)

P(G)

{G} _
RO(G) {[V] — [W] respV = respW (P € P(G))

vé=0=w¢ }



3 Results 1

Theorem 1. RO(G,6ut) C RO(G);\D%((;C;(ZM.
v S vHE=0=wH (|G: H| <?2),
Sh respV = respWW (P € P(G)Odd)

Theorem 2. If (Sylow 2-subgrp) G»> <G then

RO(G, Gpy) C RO(G)%&(Q::%(G).

V ~ W =
Sht {FGSPV = respW (P e 7D((;>Odd)

(Compare these with RO(G,®) = RO(G)%{DC(%) or 0.)



§ Construction of Actions on Spheres
G: Oliver group, V, W: real G-modules.

Suppose 3 Y: G-action on a disk s.t.
YG = {a,b}, To(Y) 2V, TH(Y) = W.

Then D(Y) =Y UyY’: double of Y is a sphere with
D(Y)¢ = {a,b,a’,b'}.

Suppose 3 spheres >, 2 S.t.
ZCCLJ — {a”}, ZG — b/'},
Ta//(Za) = Ta/(D(Y)) and Tb//(Zb) = Tb/(D(Y))

Then take the G-connected sum

S =D(Y) # o # .
(a/7a///) (b/)b//)



Picture of S = D(Y) # Yo # X,
(CL,,CL,/) (b/)b//)

Clearly ¢ = {a,b}. Thus V ~g W.
It is useful for the study of RO(G, &) to construct

various two-fixed-point actions on disks,

one-fixed-point actions on spheres.
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Oliver's Construction of Disks.

Fact. [Oliver] G: Oliver group, M: compact manifold (with
trivial G-action).

If 4 & real G-vect. bundle. over M s.t.

(1) €% =T(M) @ ey (RY),

(2) [res;1€] =0 in KO(res; M),

(3) [respé] =0 in KOp(respM)(,y (¥ P € P(G)),
then 3 a G-action on a disk D s.t.

DY = M and T(D)|n @ ep(RF) 2 € @ e (R[G]™)).

R[G]o = R[G] — R.
11



Costruction of Spheres by G-surgery.

For each prime p, we define the Dress group.:

alr — the smallest normal subgroup H
- |s.t. |G/H|=p®* for somea=0,1, 2, ....

The set

L(G) ={HeS(G) | HD G1P} for some p}

has a key role for deleting-inserting fixed point sets on closed
G-manifolds.

V is a gap G-module <D:ef>
dimV¥ > 2dimVvE V(P K)

where P € P(G) and K € S(G) with K D P.

G is a gap group <D:ef> 4 V: a gap G-module. -~



Theorem 3. G: Oliver group. D: a disk with G-action.
Suppose the following:

(1) 9DC = 0.
(2) 8C = for V¥ conn. comp. C of DH

s.t. C& £ 0, where H € L(QG).
(3) |7 (D) < 00 and (|71 (DF)],|P)) =1 for V P € P(G).
(4) dimD¥ > 5 for V P € P(G).
(5) dim DY > 2(dim DY 4+ 1) for ¥ P € P(G) and H D P.
(6) dimD=H >3 v H e g1(Q).

Then 4 a G-action on a standard sphere S
s.t. S¢ = D% and T(S)|qc = T(D)|pe-

HegGl(G) ©3 P<Hst PeP(H) and H/P is cyclic
D™ ={ze D | Gy = H}.
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3 Results 2

Fact. [L-M] G: Oliver group s.t. G = G2} = @G: gap group.

Fact. [Pa-So] G: gap Oliver group = RO(G)fD((g)) c RO(G, 6).

RO(G)E) c RO(G)N2LD) c RO(G)E!

P(G) P(G) P(G)’
r}
RO(G)fD((g)) =N RO(G);C(;;)}.
p

Theorem 4. If G is a gap Oliver group then

RO(G)fD((g)) C RO(G,D6) C RO(G, &)p(c)-

L(G)

[V]— [W] € RO(G)A

=V~ W and V ~g W.
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Let G be an Oliver group.
RO(G,06) <—>RO(G,€3)7>(G) G RO(G, B))

v

RO - ROEIHD D RO RO,

Problem. RO(G)fD((g)) C RO(G,D6) 7

L(G)

We are interested in RO(G,96) RO(G)P(G).
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Lemma 1. Let G = C), (p: odd),
U: faithful real G-module of dim. 2, and

M :=PR@®U) (real proj. plane).

~v: canonical line bundle over M. Then

VP 26 e (RY).

Thus
4[T(M)] =0 in KOg(M).
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Lemma 2. Let G be an Oliver group s.t. G/GP = G if p # 2,
3, G/G12} =2 C5, and G/G13) = C5.
Let V, W be real G-modules s.t.

(1) VG =R and VG =R,

(2) V& = RiG/GI3Y,

(3) WH =0 if H =GP} (v p),

(4) respV =p respW whenever |P| = 2%.
Set M = P(VG{3}), and let v denote the canonical line bundle
over M and fyi the orthogonal complement (i.e., fy@yi =

sM(VG{3})). Then the G-vector bundle

E=(oV)®(yrew)

satisfies [resp&] = O in [?@p(respM)(p) for all P € P(G) and
p||P|, and moreover

G 0 T @ e (R).
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Lemma 3. Let G, V and W be as in Lemma 2. Then there
exists a disk D with G-action having the following properties.

(1) DY = {zq}.
(2) Conn. comp. DG{3} = P(R[G/G13})).

(3) Tug(D) @R 2V & (W & W) & R[GIZy

where

R[G] () = (RIG] - R) — P(R[G/GPH] - R).
p
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Theorem 5. Suppose G is an Oliver group satisfying
(1) GIP} = G if p # 3,
(2) G/G13} 2 C3, and
(3) G13} has a subquotient £ Do,
for an odd integer g > 3.

Then RO(G);{D%) = RO(G,D6) = RO(G, &) p (.

Examples.
(1) G = PXL(2,27):
G = PSL(2,27) x C3, |G| = 29484

G is nonsolvable.

(2) G = SG(867,2666), SG(867,4666):
(G are solvable.
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Let D(p,2q) := (Dog X -+ X Dopgy) % Cp.

Theorem 6. Suppose G is an Oliver group satisfying
(1) G} =G if p#£ 2, 3,
(2) G/G1?} = Oy,
(3) G/G13} 2 C3, and
(4) 3 NaG s.t. Nc Gl2nG3) and
G/N = D(3,2q) for odd ¢ > 3.

Then RO(GG,) = RO(G,D8) = RO(G, &)p(g). In addi-
tion,

rank RO(G)P(G)} = rank RO(G)fD((g)) + 1.

Hence

RO(G,D6) ~ RO(G)fD((g)) - (.
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